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Abstract
ates

Using the conventional expansion of a scalar magnetic potential (such
as the earth's) an expansidn of the vector potential is obtained.This
expansion is used for analyzing the motion of charged particles in
axisymmetric magnetic fields,with special attention to such fields that do
not deviate far from a dipole.The results are compared to those of Quenby
and Webber.Finally,the relation between Stérmer's first integral and the
third adiabatic invariant is traced. : RNorHoR




The Vector Potential

A curl-free magnetic field , such as that of the earth , is generally
oxpressed by means of a scalar potential V |
B ww=gradV (1)

Since V is harmonic,it is conveniently expanded in spherical harmonics

Vir,¢,¥) = =® “Z,ﬁ {am (%")w*' L., (a“.} Yo (99)

YT(,¥) 2 P (8) exp imy (2)
where R is_some constant length,e.g.the earth's radius.
Occasionally,however,it is nugse ul express B in terms of a vector potential
A

BezcurlA

(3)
If the scalar potential is given as in (2) , A may be found in the following
way.Fi_rq_t of all,to reduce the arbitz;a:iness b the choice of A the coulomb
gauge éondition is added | _ ' ‘
dva =0 o ()
A 1s then defined within the gradient of an arbitrary harmonic function and
satisfies N
VA = o . (5)
Now it may be shown (Backus 1958) that any solenoidal vector A may be
expressed by means of two scalars , ¥, and ¥, , in the form
A = curl ¥.r + cwrl curl ¥,r . (6)
and the following identity holds
cwl cuwl yr = grad 2:(¢r) - rvy (7
In particular,if (5) is also satisfied, ¥, and ¥, may both be chosen to be
harmonic ( Smythe,1950 3 § 7.04 ) o Now if ¥ 4s & harmonie function,




(¢ r)/7r is one too and it is evident from (7) that W, then adds to
A only the gradient of a harmonic function and contributes nothing to B .
Using the remaining freedom in choice of A , ¥, may be set equal to zero,
giving

A = curl w,r (8)
and by (7) ,
B - grad 2.(ur) (9)
The last equation may be identified with (1).The vector potential is then
given by (6) , with

¢ o L (o= Zm () wew

Axial Symmetry

From now on,only the case in which the field is axially symmetric,i.e.
does not depend on ¥ ,will be considered,For the time,however,B will not
be restricted to be curl free.Then |

®, = e o (Ag ¥ sme) (11a)
By = -~Ty oF (Ay v sme) (11v)
y ettt luws e T U swiT D JIf in addition
», = 0O - ‘ (11c)
the index ¥ will be dropped from A, , for ~ . the vector potential
A = WA ‘ ' (12)

then - . :
(Gompletely describes B as well as satisfying (L) o The equation of a line
of force in any merid:l.onal plane i.sl- then .
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which with (11) gives



dv %a;’.(““'s""e-) + A»e-,%,(ﬂrs:..-&) = ©

A Y 86nwS s & e conat .

, (13)
This equation has beem obtained,from a somewhat different approach by

Ray ( 1963 ; bottom of p.9 ) o If the field is also surl-free,by (8)

A = -

I
gl

Dropping the index m in (10) and using Legendre polynomials P o &) gives
' f Qm e w (VL Py
A mx L{SE- RS

(1k)
which upon substitution in (13) gives the relation between r and % on

a line of forcee.

Motion of a Gharged Particle

regh
Consider a particle cf,ras¢ m,, charge q and velocity y moving
in an axisymmetric field. s L ruryian will be (MKS)

L= =mpe2(1-v22)d 4+ q(zd) (15)

Due to symmetry ,¥ is a cyclic coordinate.Denoting
' -
m --.!nc,(l---‘vz/czz)2
the following ﬁrst integral is obtained
DL
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% = Mot + 9 A, w_e_,'..,‘,g..= cennt. (16)
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This equation is a generalization of Stormer's (1955) treatment of the dipole
: a

field,It was used by Treiman (1953) in calculating effects of,ring current

around the earth and also by Liist and Schliiter (1957) who derived it directly

from the equaﬁon of motion.
dt - - -

Let now (1lc) be assumed,so that Ay becomes A . Then (17) gives
(P/q) r sing cosw = ( ¥TP/qQ) - Ar sind

If the particle's energ;f is low enough for the guiding-center approximation
to hold, cosw will oscillate rapidly around zero and the particle's orbit
in the (v,9) plane will alternate between the two sides of the line of
force

Arsiis = Ti/g (15

This may be regarded as the pa:'rticle's guiding line of force ( for a
similar approach,see Ray [_1963] ) .One notes that in (17) , [cosw| is always
less th-ani?mgt?re%rhﬁplo\ eqfie}?; ) may be made as large as one wants by
going to low enough momenta.Thus at low momenta , the left hand side of (17)
must be the difference between two much iarger, terms and the particle does

not stray ;‘ai-\ from the line-of-force of (19).



In addition to (17) , Treiman (1953) also derived a method of calculating
cut-off momenta ( in the cosmic-ray sense,i.e. a eriterion for finding when
orbits are completely trapped by the field.) applicable to fields which do not
deviate to far from a dipole field.When this is used,the following results are
obtained.Assuming no external field sources ( b,=0 ) , denoting the dipole
moment by M and defining the Stormer unit of length

R = . (qMpme/P)E

Q

‘it is found that for given P ( and consequent R ) only trapped orbits exist

when
~ T n . . 2
r <& Ry E Ry = %FZ. an(%;) .3% n'/z) ) ( Og)
n=3
z m, - L) .an (B &g (20b)
¥> 5% & -3 )3 Rn) T /2)
n=3 =

The vertical cut-off momentum for orbits reaching the sphere r =R at

colatitude 3 is then

s 2
Pc 2 q M/‘- [ s:z.;lﬁ& ;:1;1, { sm «9~ dr, (n/) - m(&)}} (21)

Comparison with the Quenby -~ Webber theory

One may compare these results to those obtained by Quenby 'and Webber
(1959) , who used Treiman's method to obtain geomagnetic cute=off momenta but
in addition introduced vaﬁdua approximations;The validity of these,especially



as applied ‘to non-axisymmetric fields,will not be discussed and the
comparison will be restricted,of necessity,to symmetrical fields.For

the vicinity of the equatorial plane Quenby and Webber assumed a vector
potential in the ¥ direction and approximated its magnitude A.Modifying
slightly the expression given for it by Webber ( 1963 , eq.9 ) and

changing the notation to that used here

_ Mumsin R1*2 A
A = n -+ ‘2-:) -;m %‘ sin $ (22)

n=2

Here 4B (¢) is the value,at r = R, of the horizonthal component of

that part of B which falls off as r~(7*2) , The first term in the expression

gives the vector potential due to the main dipole and will not be further
considered,The value of AB, may be derived from the n~th component of

the scalar potential V which is assumed to have no external sources

(b, = 0)
p=2 Si?n

AT _-= = o
l-\pn - c.n F 19 a—a:

Equation (22) thus becomes

A - M pmosind -

r

g%l} sin9~

-

2: a R )n+1
n r
This differs from (14) only by the factor sind which,in the vicinity

of the equatorial plane,is close to unity.Equation (20b) may also be

rewritten
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Webber (1963) obtains a similar equation (loc.cit.,eq.ll) but without
the factor (R/Ro)nyl.These discrepancies suggest that the theory of
Quenby and Webber may need modification.The expression for cut-off momenta
given by that theory differs:in its general form from (21) and will not be

compared.



Adiabatic Invariance :
axisynuetric
Lagrange's equations and therefore eq.(16) still hold when the/\magnetic

field is time dependent,even though energy is no longer conserved on account
of the induced electric field.The same argument leading to the neglect of
cos w in (17) for low morenta then shows that,for low momenta,the second
term of (16) is much larger *4.i: “he [irst.Neglecting the first term

completely gives
= 2L
p.' = '3\'9 -
Equation (24) shows,in a time dependent axisymmetric field,how low energy

~
N

particles shift from one magnetic shell to another : the line-of-force \\

parameter o of eq.(13) is then conserved.This result may be generalized as

\

q Ay r sin$ & const. (2l)

follows.

Suppose the axisymmetric fisld undergoes a perturbation which is now not
only time dependent but also asmmetrical.Equation (16) and its low energy
limit (24) then no longer hold.However,since the motion of trapped particles
in the unperturbed field may be regarded as periodic in the coordinate
(at least for reentrant orbits),the action integral

m
Je = -£ fre o ‘ .
is adiabatically conserved ( compare Landau & Lifshitz [1951] ,p.5k ),where
P,y 1is a component of the canonical momentum and may be‘ approximated for low

momenta by (24).The element of arc length is

L = Ldv + 4eYd® + Ay Yo dY

—

so that
Y

with the integral extending over one rotation of Y By Stokes' theorem
Je %"&fw«la ds = cy§ '

where @ denotes the flux enclbs'ﬁd by the shell to which the particle is

N
R4



attached,Thus one obtains the flux invariant , or third adiabatic invariant.
(Northrop and Teller,1960) as a generalisation of Stormer's integral : in

a perturbed axisymmetric field,the magnetic flux through é magnetic shell
is adiabatically conserved.
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Appendix
Treiman's approach was the following.By (17),for any given ¥ and v

the accessible region in the ( v,¥) plane is bounded by lines where
cosw equals 1 or (=1) , Of these (in flelds not deviating mush from a

dipole) the former

Y q A :
T ene~ P = 1 (25)

determine whether trapping vccurs.Regarding ¥  as a parameter , Treiman
(1953) showed that trapping ;u>i starts when,in the equatorial plane,eq.(25)
acquires a double root for v.Im near-dipole fields without external sources,

this occurs when,for sinq=1,
oY
- RY

( when external sources exist this may not hold [ Ray,1956 ] ).For purposes of

°

calculation it is useful here to split A into two parts , 47 giving the
dipole field and A, (small by comparison) the higher terms,If M is the
dipole moment '

M,/'(e Sin\9‘ (26)

P2

Al =

Putting = w/2 and neglecting all external sources,eq.(25) becomes

- v ow el _ g5 a (B &, (27)

n r
ns2

of n nsed tc bs considersd in the las . tisfi £ 1
then
M go 1 q_ R\™ &
LA R PR 2. an(ﬁ'i) @) =1 (28)

ne3
As a first approcimatiofiylet the higher terms be neglected.Then

/s .



Ry £ Ry = (qM/'fo/P)% ' (29)

R, is the well-known Stormer unit of lemgth.Let now
Rl = Ro ( I+ S )

(30)
collecting all first-order terms in (25) gives
o R n+l aP,
§ %-7F% 2. o (Eo’) 3o (2) (31)
n=3
However,substituting (30) in (27) shows that to the first order of
(denoted Y. ))
approximation the critical ¥ vdoes not depend on S .
q an (R)? @
Y, = = -3 ), -2 (Ro) dg (™/2) (32)

nz=3

It does,however,depend on thev momentum P ( assume for simplicity all particles
are identical,e.g.protons) both directly and through R, , and represents the

limit of complete trapping for this momentum.Suppose now that such marginally
trapped particles hit the earth ( r =R ) vertically ( cosw=0 ) at colatitude

< 3 they then represent the vertical cut-off momentum P, at that colatitude
and by (17)

grsind | M Mosind 1 an &P,
e = P [/Rz RZ,"H“ d@-] (33)
n2

Neglecting nondipole components,one obtains from (32) and (33) as a first

approximation
R/R, = 3% sin 9 (3L)
This approximation is inéerted into the correction terms of (32),(33),giving

2 2n-1 . 2 }s
Pequf.Lsin& . sin\‘)- Z'in £ sin n&' dP(-n/,_).. %(\?)] (35)

n-z
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